Chapter 1
I nt roduction: From Sci ence to Conputation
1.1 From Art through Science to Conputation

It will do very nicely to start with a description of what an engi neer does
before we proceed to define briefly how and where structural nechanics plays a
crucial role in the life of the engineer. The structural engineer's appointed
office in society is to enclose space for activity and living, and sonetines
does so giving time as well - the ship builder, the railway engineer and the
aerospace engineer enable travel in enclosed spaces that provide safety wth
speed in travel. He did this first, by imtating the structural fornms already
present in Nature.

From Art imtating Life, one is led to codification of the accumulated
wi sdom as science - the laws of nechanics, elasticity, theories of the various
structural elenents |ike beans, plates and shells etc. From Archi nedes' use of
the Principle of Virtual Wik to derive the law of the lever, through Glileo
and Hooke to Euler, Lagrange, Love, Kirchhoff, Rayleigh, etc. we see the
theoretical and nathenatical foundations being l|aid. These where then copiously
used by engineers to fabricate structural fornms for civil and mlitary
functions. Solid and Structural Mechanics is therefore the scientific basis for
the design, testing, evaluation and certification of structural fornms made from
materi al bodies to ensure proper function, safety, reliability and efficiency.

Today, analytical nethods of solution, which are too restricted in
application, have been replaced by conputational schenes i deal for
i npl enentation on the digital conmputer. By far the nmpst popular nmethod in
Conput ational Structural Mechanics is that called the Finite El enment Method.
Peopl e who use conputational devices (hardware and software) with hardly any
reference to experinent or theory now perform design and Analysis. From
advertising clainms made by najor fem and cad software vendors (5000 sites or
installations of one package, 32,000 seats of another industry standard vendor,
etc.); it is possible to estimate the nunber of fem conputationalists or
anal ysts as |ying between a hundred thousand and two hundred thousand. It is to
themthat this book is addressed.

1.2 Structural Mechanics

A structure is "any assenbl age of materials which is intended to sustain | oads”
Every plant and aninal, every artifact made by man or beast has to sustain
greater or less forces wi thout breaking. The examination of how the |aws of
nature operate in structural form the theory of structural form is what we
shall call the field of structural or solid mechanics. Thus, the body of
know edge related to construction of structural form is collected, collated
refined, tested and verified to emerge as a science. We can therefore think of
solid and structural nechanics as the scientific basis for the design, testing,
eval uation and certification of structural forns made from material bodies to
ensure proper function, safety, reliability and efficiency.

To understand the success of structural mechanics, one nmust understand its
place in the larger canvas of classical nechanics and nathematical analysis,



especially the triunph of the infinitesimal calculus of continuum behavior in
physics. The devel opment and application of conplex mathematical tools led to
the growth of the branch of mathematical physics. This therefore encouraged the
study of the properties of elastic materials and of elasticity - the description
of deformation and internal forces in an elastic body under the action of
external forces using the same mathenatical equipnment that was been used in
ot her classical branches of physics. Thus, from great mathematicians such as
Cauchy, Navier, Poisson, Lagrange, Euler, Sophie Germain, cane the fornulation
of basic governing differential equations which originated fromthe application
of the infinitesimal cal culus to the behavior of structural bodies. The study is
thus conplete only if the solutions to such equations could be found. For nearly
a century, these solutions were made by analytical techniques however, these
were possible only for a very few situations where by clever conspiracy, the
| oads and geonetries were so sinplified that the problem becane tractable.
However, by ingenuity, the engineer could use this limted library of sinple
solutions to construct neani ngful pictures of nore conplicated situations.

It is the role of the structural designer to ensure that the artifacts he
designs serve the desired functions with nmaxi mum efficiency, but putting only as
much flesh as is needed on the bare skeleton. Oten, this is neasured in terms
of econony of cost and/or weight. Thus for vehicles,low weight is of the
essence, as it relates directly to speed of nmovenment and cost of operation. The
efficiency of such a structure will depend on how every bit of material that is
used in conponents and joints is put to maxi numstress without failing. Strength
is therefore the primary driver of design. OQher design drivers are stiffness
(parts of the structures nust not have excessive deflections), buckling (menbers
shoul d not deflect catastrophically under certain |oading conditions), etc. It
is not possible to do this check for structural integrity wthout having
sophisticated tools for analysis. FEM packages are therefore of crucia
rel evance here. In fact, the nodern trend is to integrate fem analysis tools
with solid nodeling and CAD/ CAM software in a single seanl ess chain or cycle al
the way from concept and design to preparation of tooling instructions for
manuf acture using nunerically controll ed machi nes.

1.3 From anal ytical solutions to conputational procedures
1.3.1 Introduction

W have seen earlier in this chapter how a body of know edge that governs the
behavi or  of mat eri al s, solids and structures <came to exist. Gfted
mat hemati ci ans and engineers were able to fornulate precise |laws that governed
the behavior of such systens and could apply these |aws through mathenatical
nodel s that described the behavior accurately. As these mathematical nodel s had
to take into account the continuum nature of the structural bodies, the
description often resulted in what are called differential equations. Depending
on the sophistication of the description, these differential equations could be

very conplex. In a few cases, one could sinmplify the behavior to gross
relationships - for a bar, or a spring, it was possible to replace the
differential equation description with a sinple relation between forces and
di spl acenents; we shall in fact see that this is a very sinple and direct act

of the discretization process that is the very essence of the finite el enent
process. For a nore general conti nuum structure, such discretizations
or sinmplifications were not obvious at first. Therefore, there was no recourse
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Fig. 1.1 A sinple bar problemunder axial |oad

except to find by nmathematical and analytical techniques, viable solutions to
the governing differential equations. This can becone very formidable in cases
of conplex geonetry, |oading and material behavior, and often were intractable;
however with ingenuity, solutions could be worked out for a useful variety of
structural fornms. Thus a vast body of solutions to the elastic, plastic,
vi scoel asti c behavior of bars, beans, plates and shells has been built over the
| ast two centuries.

It was recognized quite early that where analytical techniques fail or were
difficult to inplenent, approxinate techniques could be devised to conpute the
answers. In fact, much before algebra and analysis arrived, in contexts nore
gener al than solid or structural mechani cs, sinmple approximtion and
conput ati onal schenmes were used to solve engineering and scientific problenms. In
this chapter, we shall review what we nean by an analytical solution for a very
sinmple problem and then proceed to examine sone conputational solutions. This
will reveal to us how the discretization process is logically set up for such a
probl em

1.3.2 The sinple bar problem

Perhaps the earliest application of the discretization technique as it appeared
in civil engineering practice was to the bar problem The bar is a prismatic
one-di mensi onal structure which can resist only axial loads, in tension or in
conpression, and cannot take any bending loads. Figure 1.1 shows its sinplest

configuration - a cantilever bar. This is a statically deternm nate problem

meaning that one can obtain a conplete solution, displacenents as well as
strains and stresses from considerations of equilibrium alone. W shall now
conpute the analytical solution to the problem depicted in Fig.1l.1 using very
el ementary engi neeri ng mat hemati cs.

1.3.2.1 Analytical solution

The problemis categorized as a boundary val ue problem W presune here that for
this problem the reader is able to understand that the governing differenti al
equati on describing the situation is

EA U xx = O (1.1)

where E is the Young’s nodulus, A is the area of cross-section, u(x) is the
function describing the variation of displacenent of a point, and ,, denotes
differentiation with respect to coordinate x. This is the -equation of
equi l i brium describing the rate at which axial force varies along the Iength of



the bar. In general, governing differential equations belong to a category
called partial differential equations but here we have a sinpler form known as
an ordinary differential equation. Equation (1.1) is further classified as a
field equation or condition as one nust find a solution to the variable u which
nmust satisfy the equation over the entire field or domain, in this case, for x
ranging fromO to L. A solution is obviously

u=ax +»b (1.2)

where a and b are as yet undeterm ned constants. To conplete the solution, i.e.
to deternmine a and b in a unique sense for the boundary (support) and | oading
conditions shown in Fig. 1.1, we nust now i ntroduce what are called the boundary
conditions. Two boundary conditions are needed here and we state them as

u=0a x =0 (1. 3a)
EA u,x =Pat x =L (1. 3b)

The first relates to the fact that the bar is fixed at the left end and the
second denotes that a force P is applied at the free end. Taking these two
conditions into account, we can show that the follow ng description conpletely
takes stock of the situation:

u(x) = Px/EA (1. 4a)
& x) = PIEA (1. 4b)
o x)= Egx)= PIA (1. 4c)
P(x) = Aa(x) =P (1. 4d)

where & x), o(x) and P(x) are the strain, stress and axial force (stress
resultants) along the length of the bar. These are the principal quantities that
an engineer is interested in while performng stress analysis to check the
integrity of any proposed structural design.

1.3.2.2 Approxi mate sol utions

It is not always possible to determ ne exact analytical solutions to nost
engi neering problens. W saw in the exanple above that an analytical solution
provides a unique mathenatical expression describing in conplete detail the
value of the field variable at every location in the body. Fromthis expression,
ot her expressions can be derived which describe further quantities of practical
interest, e.g. strains, stresses, stress resultants, etc.

In nost problems where analytical solutions appear infeasible, it is
necessary to resort to sone approxinate or nunerical nmethods to obtain these
val ues of practical interest. One obvious method at this stage is to start with
the equations we have already derived, namely Equations (1.1) and (1.3). This
can be achieved using a technique known as the finite difference method. W
shal |l briefly describe this next.
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Fig. 1.2 Gid for finite difference schene

O her approximate solutions are based on what are called functiona
descriptions or variational descriptions of the problem These describe the
problem at a level which is nore fundanental in the |aws of physics than the
nore specialized descriptions in terns of governing differential equations as
seen in Equations (1.1) and (1.3) above. W deal directly with energy or work
gquantities and discretization or approximation is applied at that level. If we
can appreciate that the governing differential equations were derived
analytically from such energy or work principles using what is called a
variational or virtual work approach, then it woul d becone easier to understand
that an approximation applied directly to the energy or work quantities and a

variation carried out subsequently on these terms will preserve both the physics
as well as the approximating or numerical solution in one single process. This
will be the basis for the finite elenent nethod as we shall see in subsequent

subsecti ons.
1.3.2.3 Finite difference approximations

For a problem where the differential equations are already known, the technique
known as the finite difference nethod can be used to obtain an approximte or
numerical solution. In fact, before the finite element nmethod was established
it was this method which was used to obtain solutions for very conplicated
problems in structural nechanics, fluid dynam cs and heat transfer

Figure 1.2 shows a very sinple uniformy spaced nesh or grid of nodal
points that can be used to discretize the problem described by Equations (1.1)
and (1.3). The larger the nunber of nodal points used (i.e. the smaller the grid

spacing h), the greater will be the accuracy involved. The field variable is now
taken to be known (or very strictly, unknown, at this stage of the conputation)
at these nodal points. Thus, ug,..., Uj,..., Up, are the unknown variables or

degrees of freedom The next step is to rewite the governing differential

equations and boundary conditions in finite difference form W see that the
finite difference forms for u,x and u,xx are required. It is easy to show
(again, details are onmitted, as these can be found in nost books on numerica

analysis or fem) that at a grid point i

U,x = (Uj+1 — uj)/h (1. 5a)

U xx = (Uis1 — 2ui + Uj.1)/h? (1.5b)



We now attenpt a solution in which four points are used in the finite difference
grid. The governing differential equations and boundary conditions are replaced
by the followi ng discrete set of linear, algebraic equations:

ug =0 (1. 6a)
uz — 2u2 + ug =0 (1. 6b)
Ug - 2uz + up =0 (1. 6¢)
ug . U3 = Ph/ EA (1. 6d)

where h=L/3 and Equations (1.6a) and (1.6d) represent the boundary conditions at
X = 0 and L respectively. The reader can easily work out that the solution

obtained from this set of sinultaneous algebraic equations is, ux = PL/3EA

uz = 2PL/3EA and ug = PL/EA. Conparison with Equation (1.4a) wll confirm that
we have obtained the exact answers at the grid points. Oher quantities of
interest like strain, stress, etc. can be conputed from the grid point values
using the finite difference forns of these quantities.

The above illustrates the solution to a very sinple one-dinmensiona
problem for which the finite difference procedure yielded the exact answer.
CGeneralizations to two and three dinensions for nore conpl ex continuous probl ens
can be nade, especially if the neshes are of regular formand the boundary |ines
coincide with lines in such regular grids. For nore conplex shapes, the finite
di fference approach becones difficult to use. It is in such applications that
the finite el enent nethod proves to be nore versatile than the finite difference
schene.

1.3.2.4 Variational fornmul ation

We began this chapter with an analytical solution to the differential equations
governing the problem W did not ask how these equations originated. There are
two main ways in which it can be done. The first, and the one that is npost often
introduced at the earliest stage of the study of structural nechanics, is to
formulate the equations of equilibriumin terns of force or stress quantities
Then, depending on considerations of static determ nacy, nmke the problem
determ nate by introducing stress-strain and strain-di splacenent relations unti
the final, solvable, set of governing equations is obtained.

The second nethod is one that originates froma nore fundanental statenent
of the principles involved. It recognizes that one of the nost basic and el egant
principles known to man is the [aw of |east action, or mininumpotential energy,
or virtual work. It is a statement that Nature always chooses the path of
m ni mum econony. Thus, the law of |east action or mnimumtotal potential is as
axiomatic as the basic laws of equilibriumare. One can start with one axi om and
derive the other or vice-versa for all of nechanics or nost of classical
physics. In dynamics, the equivalent principle is known as Hamilton's principle.

In structural nmechanics, we start by neasuring the total energy stored in
a structural systemin the form of elastic strain energy and potential due to
external |oads. W then derive the position of equilibrium as that state where
this energy is an extremum (usually a mnimum if this is a stable state of
equilibrium. This statenent in terns of mininum energy is strictly true only
for what are called conservative systems. For non-conservative systens, a nore



general statenent known as the principle of virtual work woul d apply. Fromthese
bri ef general philosophical reflections we shall now proceed to the special case
at hand to see how the energy principle applies.

The total energy is stated in the formof a functional. In fact, npbst of
the problens dealt with in structural mechanics can be stated in a variational
form as the search for a mnimal or stationary point of a functional. The
functional, 77, is an integral function of functions which are defined over the
domain of the structure. Thus, for our sinple bar problem we nust define terns
such as the strain energy, U and the potential due to the load, V, in terns of
the field variable u(x). This can be witten as

L
U= [U2BEAU®, o

0 (1. 7a)
V= P UL (1.7b)

Then,
ﬂ(u(x)) = ﬁl/ZEA uz,x dx- Pu, _|
(1.8)

Usi ng standard variational procedures from the calculus of variations, we can
show that the extremum or stationary value of the functional is obtained as

&7 =0 (1.9)

If this variation is carried out, after integrating by parts and by regrouping
terns, we will obtain the sane equation of equilibrium and boundary conditions
that appeared in Equations (1.1) and (1.3) above. Qur interest is now not to
show what can be done with these differential equations but to denponstrate that
the approximation or discretization operation can be inplemented at the stage
where the total potential or functional is defined.

1.3.2.5 Functional approximtion

There are several ways in which an approximation can be applied at the |level of
energy, virtual work or weighted residual statements, e.g. the Rayleigh-Ritz
(R-R) procedure, the Galerkin procedure, the |east-squares procedure, etc. W
first choose a set of independent functions which satisfy the geonetric or
essential (also called kinematic) boundary conditions of the problem These
functions are called admi ssible functions. In this case, the condition specified
in Equation (1.3a) is the geonetric boundary condition. The other condition,
Equation (1.3b) is called a nonessential or natural or force boundary condition.
The adm ssible functions need not satisfy the natural boundary conditions (in
fact, it can be shown that if they are nade to do so, there can even be a
deterioration in performance). The approximate adnmi ssible configuration for the
field variable, say lT(x), is obtained by a linear combination of these functions

usi ng unknown coefficients or paraneters, also known as degrees of freedom or
general i zed coordi nates. These unknown constants are then determined to satisfy
the extremum or stationary statement. Methods l|ike the Rayleigh-Ritz procedure



(the one going to be used now), the Galerkin nethod, collocation nethods, |east
square methods, etc. all proceed with approximating fields chosen in this way.

For our problem let us choose only one sinple linear function, using a
pol ynomi al form for the purpose. The advantages of using polynom al functions
wi || becone clear later in the book. Thus, only one constant is required, i.e.

lT(x)=a1x (1.10)

Note that this configuration is an adnissible one satisfying the geonetric
condition LT(O)=O. By substituting in Equation (1.8) and carrying out the
variation prescribed in Equation (1.9), we are trying to determ ne the val ue of
a; which provides the best functional approxinmation to the variational problem
It is left to the reader to show that the approxi mate sol ution obtained is

) (1.11a)
£(x) =P/ EA (1.11b)
g(x)=E4£x) =P/ A (1.11c)
P(x)=Adqx) =P (1.11d)

Thus, for this problem the approximate solution coincides with the exact
solution. Gbviously, we cannot draw any conclusions here as to the errors
i nvolved in approximation by the R R procedure. In nore conplicated problens,
approximate solutions will be built up from several constants and adnissible
functions and convergence to the exact solution will depend on the nunber of
terns used and the type of functions used.

The R-R procedure, when applied in a piecewi se manner, over the elenent
domai ns that constitute the entire structure, becones the finite el ement method.
Thus, an understanding of how the R R nethod works wll be crucial to our
understandi ng of the finite el enent nethod.

1.3.2.6 Finite el ement approxi mation

W shall now describe an approximate solution by the finite element method. W
shall use a form known as the displacenent-type formulation (also called the
stiffness formulation). The sinplest elenment known for our purpose is a two
noded |ine element such as shown in Fig. 1.3. This elenent is also known as the
bar, truss or rod elenment. It has two nodes at which nodal displacenents u; and
up are prescribed. These are also called the nodal degrees of freedom Also
indicated in Fig. 1.3 are the forces P; and P> acting at these nodes.

Thus, any one-di nensi onal structure can be replaced by contiguous el ements
placed from end to end. The only information comunicated from elenent to
element is that stored as nodal degrees of freedom and the nodal forces. W can
now see how this piecewise Ritz approxi mati on is perforned.
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Fig. 1.3 A two-node bar el ement

W first derive an expression for the approximte representation of the
field variable, LT(X), within the region of the elenent by relating it to the
nodal degrees of freedom It can be shown that,

o(x)=u;N; +u,N, (1.12)

where N =(1-&/2 and Ny =(1+8/2,where &x/1. Ny and Np are called the shape
functions. Note that this formis exactly the sane as the linear function used
in our RR approximation earlier, Equation (1.10), with generalized coordi nates

aj being now replaced by nodal quantities uj. It is possible therefore to
conpute the energy stored in a beam el ement as
{ } EA | 1 -1 |Y
Ujp Upp —
1728 5 | 1 1] |, (1.13)

and the potential due to the applied | oads as

Py
{ul UZ} {Pz} (1.14)

Thus, if a variation is taken over u; and up, we can wite the equation of

equi i brium as
{ 1 -1} {UI} _{Pl}
21 -1 1 uos P2 (1 15)

This matrix representation is typical of the way finite elenent equations are
assenbl ed and mani pul ated automatically on the digital conmputer. W shall now
attenpt to solve our bar problem using a finite element nodel conprising just
one elenent. Node 1 is therefore placed at the fixed end and node 2 coincides
with the free end where the load P = P is applied. The fixity condition at node
1is sinply ugz = 0 and P; indicates the reaction at this end. It is very sinple
to show fromthese that u» = PL/EA. W can see that the exact solution has been
obt ai ned.

What we have seen above is one of the sinplest denonstrations of the
finite elenent nmethod that is possible. Generalizations of this approach to two



and three di nensional problens pernit conplex plate, shell and three dinensiona
elasticity problens to be routinely handl ed by ready made software packages.

1.4 Concl udi ng remarks

In this <chapter, we have briefly investigated how classical analytica
techni ques, which are wusually very linmted in scope, <can give way to
conput ati onal nethods of obtaining acceptable solutions. W have seen that the
finite element nmethod is one such approximate procedure. By using a very large
nunber of elenents, it is possible to obtain solutions of greater accuracy. Over
the years, finite elenment theorists and anal ysts have produced a very | arge body
of work that shows how such solutions are nanaged for a great variety of
problenms. This is in the first-order tradition of the nethod. The remaining part
of this book hopes to address questions like: How good is the approximte
solution? What kinds of situation affect these approximations in a trivial and
in not-so-trivial ways? Since solutions depend very nmuch on the nunber of
el ements used and the type of shape function patterns used within each el enent,
we nust ask, what patterns are the best to assume? Al these questions are
linked to one very fundanmental question: In what nmanner does the finite el ement
nmet hod actually conmpute the solution? Does it nake its first approxi mation of
the displacenent field directly or on the stress field? The exercises and
exposition in this book are ained at throwing nore |ight on these questions.
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